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1. Introduction to Divide and Conquer

The Divide and Conquer (D&C) paradigm is a powerful problem-solving technique based on
recursion. It is a systematic way of breaking down a complex problem into smaller, more
manageable subproblems until they become simple enough to solve directly.

Once the subproblems are solved, their solutions are combined to obtain the final solution for the
original problem.

Key Idea: Solve big problems by solving many small identical problems recursively.

2. General Method

A D&C algorithm typically involves three steps:
1. Divide: Break the given problem into several independent subproblems. These should be
smaller instances of the same problem.

2. Conquer: Solve the subproblems recursively. If the subproblem size is small enough (the
base case), solve it directly (non-recursively).

3. Combine: Combine the solutions of the subproblems to form the final solution for the original
problem.

Simple Analogy: The Jigsaw Puzzle
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To solve a complex puzzle, you break it into smaller groups (Divide). Each group solves its part
(Conquer). Then, you put the solved parts together (Combine).



3.1. Finding Maximum and Minimum
Definition

This algorithm finds both the maximum and minimum elements in an array simultaneously using
the D&C approach. By dividing the array in half repeatedly, it reduces the total number of
comparisons needed compared to finding max and min sequentially.

Pseudocode (MaxMin(i, j))

Input: Array A, Indices i (start), j (end)

If (1 = J): // Base case 1: Single element
Return (A[1i], A[i])

If (1 =] - 1): // Base case 2: Two elements (1 comparison)
If A[i] < A[]j]: Return (A[jl, A[i])
Else: Return (A[i], A[]])

mid = floor((i + j) / 2)

(max1, minl) = MaxMin(i, mid)

(max2, min2) = MaxMin(mid + 1, j)

max_final = Max(maxl, max2)

min_final = Min(minl, min2)

Return (max_final, min_final)

Real-Life Analogy: Tournament Playoff
To find the overall champion (Max) and the lowest rank (Min) efficiently, you arrange players in

brackets (Divide). Each match decides local max/min (Conquer). Winners and losers from separate
brackets are compared (Combine).

Complexity Analysis

Requires approximately 3N/2 - 2 comparisons, which is better
than 2N comparisons needed for two separate linear scans.

Time Complexity (Total

Comparisons) O(N)

Space Complexity O(log N) Due to the depth of the recursive call stack.



3.2. Binary Search

Definition

Binary Search is an extremely fast searching algorithm used to find a target value within a sorted
array. It works by repeatedly halving the search space until the element is found or the subarray is

empty.

Prerequisite and Strategy

I Requirement: The input array MUST be sorted.

The algorithm compares the target with the middle element. If they don't match, it eliminates half
the list (Divide) and continues the search in the remaining half (Conquer).

Pseudocode (Recursive)

BinarySearch(A, target, low, high)
If low > high: Return NOT_FOUND
mid = low + (high - low) / 2
If A[mid] = target: Return mid
Else If A[mid] > target:

Return BinarySearch(A, target, low, mid - 1)

Else:

Return BinarySearch(A, target, mid + 1, high)

Dry Run Example

Array A: [10, 20, 30, 40, 50, 60]. Target = 40.

Step Low High Mid Index A[Mid]
1 0 5 2 30
2 3 5 4 50
3 3 3 3 40

Complexity Analysis

Action
Target > 30. Search Right (low = 3)
Target < 50. Search Left (high = 3)

Found! Index 3.

Worst Case

Space Complexity

O(log N)

O(log N) (Recursive)



3.3. Merge Sort
Definition

Merge Sort is an external, comparison-based sorting algorithm known for its guaranteed
performance. It divides the array into two halves, recursively sorts them, and then merges the two
sorted halves back together.

Focus on the Combine Step

1. Divide: Splits array into N separate single-element arrays (base case).

2. Conquer: Recursively sorts these small arrays (trivially true for single elements).

3. Combine (Merge): Systematically merges two adjacent sorted subarrays into one larger sorted
array. This step takes linear time O(N).

Pseudocode (MergeSort)

MergeSort(A, p, r):

If p<r:
q = floor((p + r) / 2)
MergeSort(A, p, Q)
MergeSort(A, q + 1, r)

Merge(A, p, q, r) // Crucial O(N) combination step

Visualization of D&C in Merge Sort
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Complexity Analysis

Best, Average, Worst Case O(N log N)
Space Complexity O(N)

Key Points: Merge Sort is stable (preserves the relative order of equal elements). The O(N) space
is required for the auxiliary array used during the merging step.



3.4. Quick Sort
Definition

Quick Sort is an in-place sorting algorithm often considered the fastest in practice due to its low
overhead. It works by creating partitions around a chosen pivot element.

Focus on the Divide Step (Partitioning)

Unlike Merge Sort, Quick Sort does the hard work during the Divide step (Partitioning). The goal of
partitioning is to place the pivot element into its correct, final sorted position. Once the array is
partitioned, we recursively sort the two resulting subarrays.

Pseudocode (QuickSort)

QuickSort (A, low, high):

If low < high:
pivot_index = Partition(A, low, high)
QuickSort(A, low, pivot_index - 1)

QuickSort(A, pivot_index + 1, high)

Real-Life Analogy: Class Organization
If you need to sort a class by height, you pick one student (pivot) and ask everyone shorter to

move to one side and everyone taller to the other (Partition). The pivot is now fixed. You repeat the
process on the two smaller groups.

Worst Case Analysis (Critical)

Time -

Best/Average

Case O(N log N) Pivot choice results in balanced partitions (near the median).
The array is already sorted, or reverse sorted, and the pivot is
2 ] )
Worst Case O(N?) always chosen as an extreme element.
Space - .
Complexity O(log N) Auxiliary space for recursion stack depth.

Important: Quick Sort is generally preferred over Merge Sort when memory is limited, as it is
an in-place algorithm.



4. Summary and Exam Focus

Key Comparisons for Revision

= D&C Paradigm: All covered algorithms (Max/Min, Binary Search, Merge Sort, Quick Sort) follow
the D&C model.

= Time Guarantee: Merge Sort guarantees O(N log N). Quick Sort is typically O(N log N) but can
degrade to O(N?).

= Space Efficiency: Quick Sort is highly space-efficient (O(log N) space, in-place). Merge Sort
requires O(N) extra space.

= Prerequisite: Binary Search requires the input to be sorted. Sorting algorithms like Merge Sort
and Quick Sort produce sorted output.

5. Practice Questions (Exam Style)

1. Explain the difference in the application of the D&C principle between Merge Sort and Quick
Sort regarding where the main work (sorting/arrangement) is done.

2. What is the primary drawback of using the recursive version of Binary Search in terms of
space complexity?

3. Why is the time complexity for finding Maximum and Minimum elements using D&C still
O(N), even though the algorithm uses a recursive strategy?

4. Under what specific condition does Quick Sort exhibit its worst-case time complexity, and
what is the typical technique used to mitigate this risk?

5. If an algorithm runs in T(N) = 2T(N/2) + N time, what is its asymptotic complexity? (State the
Master Theorem case applied.)

Answers

1. Merge Sort performs the primary work during the Combine (Merge) step. Quick Sort
performs the primary work during the Divide (Partition) step.

2. The recursive Binary Search requires O(log N) space for maintaining the recursion stack,
which can be avoided by using an iterative approach (O(1) space).

3. The total work done at all levels of recursion still involves a linear number of comparisons
(approximately 3N/2), meaning the overall complexity remains bounded by a linear function
of N.

4. Worst-case complexity is O(N?). Mitigation techniques include choosing a random pivot or
using the median-of-three approach.



5. The complexity is O(N log N). This corresponds to Master Theorem Case 2 (where f(N) = N
and N*log_b a =N”og_2 2 =N).



